Within the framework of density functional theory, we present a study of approximations to the enhancement factor of the non-interacting kinetic energy functional Ts [ρ]. For this purpose, we employ the model of Liu and Parr [S. Liu and R.G. Parr, Phys. Rev. A 55, 1792 (1997)] based on a series expansion of Ts[ρ] involving powers of the density. Applications to 34 atoms, at the Hartree-Fock level showed that the enhancement factors present peaks that are in excellent agreement with those of the exact ones and give an accurate description of the shell structure of these atoms. The application of Z-dependent expansions to represent some of the terms of these approximation for neutral atoms and for positive and negative ions, which allows Ts[ρ] to be cast in a very simple form, is also explored. Indications are given as to how these functionals may be applied to molecules and clusters.
INTRODUCTION.
One of the challenging problems in density functional theory, DFT, is how to express the non-interacting kinetic energy of a quantum mechanical many-body system as a functional of the density [1] [2] [3] [4] [5] [6] [7] [8] [9] .
Having such a functional is, of course, crucial for the implementation of the orbital-free version of DFT. [10] Let us recall that in the Kohn-Sham [11] version of DFT, as a result of writing the non-interacting kinetic energy as a functional of the orbitals there arise N Kohn-Sham * salazar.xavier@gmail.com equations whose solution becomes progressively more difficult as N gets larger. For this reason, a treatment that dispenses with orbitals and is based on the use of a kinetic energy functional which only depends on the density has been proposed as an alternate way for handling this problem. To focus on an orbital-free functional for the energy would certainly lower the computational cost and would permit to extend the domain of application of DFT to large many-particle systems as all one has to solve is a single equation for the density, regardless of the value of N .
To find an adequate density functional for the kinetic energy is a difficult task because, due to the virial theorem, the kinetic energy is equal in magnitude to the total energy. Hence this functional must have the same level of accuracy as that of the total energy (in contrast with the exchange and correlation functionals in DFT which only comprise small portions of the total energy). This fact probably explains why since the first works of Thomas [12] and Fermi [13] in 1927 and in spite of the continued efforts carried out throughout many decades, (for reviews see Refs. [6, 10, 14] ) still no definite and satisfactory approximation to this functional has been found. The search for suitable approximations is, however, an ongoing activity. [15] [16] [17] [18] [19] [20] [21] [22] [23] Although an exact analytical expression for the non-interactive kinetic energy functional is still lacking, the exact form of this functional, however, is known and can be derived from general principles (see, for example, the derivation given in the context of the local-scaling transformation version of DFT [24] [25] [26] ) This exact form corresponds to:
where the first term is the Weizsäcker term [27] and where the second contains the Thomas-Fermi function ρ 5 /3 ( r) times the enhancement factor A N [ρ( r); r] where ρ( r) is the one-electron density of the system. Clearly, as is seen in the above expression, the challenge in modelling T s [ρ] is shifted to that of attaining adequate approximations for the enhancement factor A N [ρ( r); r], which is considered to be expressible as a functional of ρ.
Among the alternatives produced over the years to represent the non-interactive kinetic energy functional [6] , we focus in this paper on the one introduced by Liu and Parr [1] , which is given as a power series of the density ρ( r). This series generates an explicit expression for the enhancement factor as a functional of the one-particle density. A variational calculation based on this expansion has recently been given by Kristyan. [28] In this paper we analyze the representation of the enhancement factor given by the Liu-Parr series expansion and compare it with the exact values extracted from an orbital expression. This is done for the atoms of the first, second and third row of the periodic table. In addition, we explore the possibility of simplifying the LiuParr functional by introducing Z-dependent expressions for some of the integrals containing ρ( r). Finally, bearing in mind that the mathematical framework is presented rather concisely in the original Liu and Parr's paper, [1] we include in Appendix A of the present work a more extended demonstration of their second theorem. We expect that this may contribute to a better understanding of the Liu and Parr approach and foster its applications.
THE ENHANCEMENT FACTOR.

Some properties of the enhancement factor
From an information theory perspective, [29] the Weizsacker term in Eq. (1) is local. Clearly then, since the non-local part of the kinetic energy functional must be embodied in the non-Weizsacker term, this non-locality must be ascribed to the enhancement factor. In fact, as was pointed out by Ludeña, [30] the non-Weizsacker term contains the derivative of the correlation factor for the Fermi hole (see Eq. [38] of Ref. [30] ). Hence, the enhancement factor contains terms responsible for localizing electrons with the same spin in different regions of space giving rise to shell structure. This phenomenon stems from the non-locality of the Fermi hole which may be described in terms of charge depletions followed by charge accumulations producing polarizations at different distances. [31] This non-locality of the kinetic energy functional is well represented by orbital expansions
given in terms of gradients in Eq. (2) or of Laplacians in Eq. (3). Combining Eqs.
(1) and the gradient representation of Eq. (2), we obtain the following exact orbital representation for the enhancement factor:
Obviously, when modelling the enhancement factor in terms of a series of the one-particle density one would like to reproduce the same characteristics it manifests in an orbital representation. Thus, in addition to yielding a desired accuracy for the calculated values of the noninteracting kinetic energy, the approximate enhancement factor should satisfy the positivity condition [32] :
and should also be capable of generating shell structure. In this respect, let us note that A N [ρ( r), {φ i } ; r] as given by Eq. (4) differs by just a constant from the function χ( r) = D( r)/D h ( r) introduced in the definition of the electron localization function, ELF (see Ref. [33] ). Moreover, bearing in mind that ELF and similar functions have been successfully related to the appearance of shell structure in atoms and molecules [34] [35] [36] [37] [38] [39] [40] [41] [42] it is clear that any proposed model of the enhancement factor must also comply with this requirement. A popular generalized gradient approximation (GGA) for the kinetic energy takes the following form [43] 
where
is the Weiszäcker term [27] , and the second term is the Pauli term [14] containing the GGA enhancement factor F [s( r)] which depends on s( r)
The variable s( r), the reduced density gradient, describes the rate of variation of the electronic density, i.e, large values of s( r) correspond to fast variations on the electron density and vice versa [44] . The above approximation to the Pauli term containing GGA F [s( r)] factors are at the basis of the conjoint gradient expansion to the kinetic energy introduced by Lee, Lee and Parr [45] . A full review of the functionals of the kinetic energy expressed in terms of the density and its derivatives is given by Wesolowski [6] . For some more recent representations of the enhancement factor of the non-interacting kinetic energy as a functional of ρ and its derivatives ∇ρ, ∇ 2 ρ, etc., see Refs. [17, [19] [20] [21] [46] [47] [48] In the present work we examine, however, a different approximation to the enhancement factor, more in line with Eq. (1), namely, a representation of A N [ρ( r); r] as a local functional of the density. [1] An approximate representation of the enhancement factor
We adopt the Liu and Parr [1] expansion of the noninteracting kinetic energy functional given in terms of homogeneous functionals of the one-particle density: 
Liu and Parr [6] determine the coefficients C Tj 's by leastsquare fitting setting ρ = ρ HF , the Hartree-Fock density and obtain: C T1 = 3.26422, C T2 = −0.02631 and C T3 = 0.000498 (a typographical error in the values of the coefficients in the original paper, has been corrected). Clearly, this expansion provides a very simple way to express the kinetic energy as a local functional of the density.
In this context, an approximate expression for A N [ρ( r); r] as a functional of the one-particle density can be found from Eqs. (9) and (1):
Local corrections to the enhancement factor.
From equations (4) and (10), we obtain the graphs for the exact and approximate enhancement factors, respectively. These graphs are displayed in Figures 1 through  6 for the Na, Al, Ar, Fe, Ni and Kr atoms. One can see that the exact enhancement factor is a positive function, in contrast to the approximate one which shows negative regions in violation of the positivity condition which must be met by A N [ρ( r); r]. [49] Due to the fact that the kinetic energy is not uniquely defined and, as illustrated by Eqs. (2) and (3), that there are expressions that yield locally different kinetic energy densities but which integrate to the same value, it is possible to modify the non-positive approximate enhancement factor by adding a term that does not alter the expected value of the non-interacting kinetic energy but which locally contributes to make the enhancement factor positive. This is an acceptable procedure in view of the non-uniqueness in the definition of the local kinetic energy expressions. [50] [51] [52] In this vein, we add to non-interacting kinetic energy expression a term given by the Laplacian of the density times an arbitrary constant λ, where λ is a real number:
This leads to the following new expression for the approximate enhancement factor:
With the addition of this term we see that the kinetic energy value does not alter, because the integral of the Laplacian of the density is zero. [53] The improvements that this added term brings about on the approximate enhancement factor for the Na, Al, Ar, Fe, Ni and Kr atoms are shown in Figs. [1] through [6] . brown), 9th-degree brown), 9th-degree brown), 9th- (dotted green), approximate enhancement factor with 9th-degree Z polynomial and λ = 7 19 (dotted orange), and radial distribution function of the density (full red) for the Na atom (dotted green), approximate enhancement factor with 9th-degree Z polynomial and λ = 7 19 (dotted orange), and radial distribution function of the density (full red) for the Al atom degree brown), 9th-degree brown), 9th-degree
We note that the new λ-dependent enhancement factors closely reproduce the behavior of the exact ones in the regions where the highest peaks are located. In all cases the agreement is extremely good both for the first and second shells. For Ni and Fe, the approximate enhancement factors are slightly below the exact ones in the region corresponding to the third shell. For Kr, however, the agreement is quite good for all shells.
Concerning the asymptotic behavior of the enhancement factors, we observe that in the region where r → 0 the approximate λ-dependent enhancement factors become rapidly negative in all cases studied. It is expected, however, that this divergence in A N will not necessarily produce a problem for interatomic forces as these forces in molecular dynamics are calculated by using the (dotted green), approximate enhancement factor with 9th-degree Z polynomial and λ = 7 19 (dotted orange), and radial distribution function of the density (full red)for the Ar atom (dotted green), approximate enhancement factor with 9th-degree Z polynomial and λ = 7 19 (dotted orange), and radial distribution function of the density (full red) for the Fe atom orbital-free analogue of the Hellmann-Feynman theorem (see Eqs. (21)- (23) in Ref. [54] ) According to these equations the forces are defined by the density and the external potential and thus, they do not depend on the kinetic energy density local behavior. On the other hand, in the region where r becomes large, i.e., outside the atomic shells, the behavior of the approximate factor follows the trend of the exact ones for the cases of Na, Al, Ar and Kr, although in the latter case, the approximate factor grows more pronouncedly that the exact one. In the case of Ni and Fe, however, we observe a divergence in the behavior of the tails of the approximate enhancement factors. Let us mention, however, that divergences in the tail region are not relevant and do not contribute to the kinetic energy value due to the fact that these divergences are suppressed by the exponentially decaying density tail. (dotted green), approximate enhancement factor with 9th-degree Z polynomial and λ = 7 19 (dotted orange), and radial distribution function of the density (full red) for the Ni atom (dotted green), approximate enhancement factor with 9th-degree Z polynomial and λ = 7 19 (dotted orange), and radial distribution function of the density (full red) for the Kr atom
APPROXIMATION TO THE ENHANCEMENT FACTOR THROUGH Z-DEPENDENT POLYNOMIALS
We see that the enhancement factor A N,Appr , Eq. (10), depends on two integrals, d r ρ 4 /3 ( r) and d r ρ 11 /9 ( r). The values of these integrals, evaluated with ρ = ρ HF , are functions of the atomic number Z. We have selected to display this Z-dependent behavior in Figs. [7] and [8] . In these figures, the dots lying on the blue lines represent the values of the 4/3 and 11/9 integrals for the neutral atoms, respectively. These values are interpolated using the polynomial expansions: d r ρ 4 /3 ( r) ≈ P4 /3 (Z n ) and
where n is the degree of the Z polynomial. The blue lines in frames (a) of Figs. [7] and [8] represents the approximations given by the thirddegree polynomial Z 3 . Similarly, the blue lines in frames (b) of these figures correspond to the Z 9 polynomial approximation.
These interpolation polynomials are explicitly defined by:
where the coefficients are determined by least-square fitting. Thus, the enhancement factor takes the following form (where n is the degree of the Z polynomial):
Also, this leads to the following approximation for the non-interacting kinetic energy functional
Application to neutral atoms
The kinetic energy values corresponding to these Z-λ-dependent functionals T LP 97+Z 3 and T LP 97+Z 9 evaluated both with the Liu and Parr and with newly optimized 11/9 ( r) through: (a) a 3rd degree polynomial P11 /9 (Z 3 ) (full blue) for 36 atoms and a 3rd degree polynomial P − 11/9 (Z 3 ) (full red) for 27 negative ions, and (b) a 9th degree polynomial P11 /9 (Z 9 ) (full blue) for 36 atoms and a 9th degree polynomial P − 11/9 (Z 9 ) (full red) for 27 negative ions.
coefficients are presented in The graphs of these new Z-λ-dependent enhancement factors (17) are also plotted in Figs. [1] through [6] . Let us note that the graphs corresponding to these enhancement factors (dotted orange) coincide with those of the locally adjusted λ-dependent factors (dotted green) and hence they are undistinguishable in these figures.
Application to positive and negative ions
We have also examined whether the approximate functional forms discussed above are applicable to positive and negative ions. For this purpose, we list in column 2 of Table II the values of the non-interactive kinetic energy for positive ions calculated by means of the Liu-Parr expansion given by Eq. (9) using the same optimized coefficients as those of neutral atoms but the corresponding densities of positive ions taken from the Clementi-Roetti tables. Similar results are presented in column 2 of Table  III for the case of negative ions. In column 3 of Tables II  and III , we present the evaluation of Eq. (9) for positive and negative ions, respectively, but where in each case the coefficients of the homogeneous functional expansion have been reoptimized. (9) with reoptimized coefficients (C T 1 = 3.1248445957, C T 2 = -0.0027038794 and C T 3 = -0.0000764926) c T LP 97+Z 9 , Eq. (18) with both Z 9 and Liu-Parr coefficients for neutral atoms d T LP 97+Z 9 , Eq. (18) with Z 9 for neutral atoms and reoptimized coefficients (C T 1 = 3.1218035155, C T 2 = -0.0022915847 and C T 3 = -0.0000868695) e T LP 97+Z 3 , Eq. (18) with Z 3 for negative ions and reoptimized coefficients (C T 1 = 3.1326163517, C T 2 = -0.0040144747 and C T 3 = -0.0000443462) f Values of T HF reported by Clementi and Roetti [55] In order to assess whether the Z n approximations for neutral atoms can be transferred to positive and negative ions, we present in column 4 of Tables II and III , respectively, the values of the non-interactive energy computed by means of Eq. (18) where we have used the Z 9 polynomial approximation fitted for the case of neutral atoms as well as the Liu-Parr coefficients also optimized for neutral atoms. In column 5, of Tables II and III, the same results are presented for the case of the Z 9 polynomial approximation for neutral atoms but where the coefficients have been reoptimized. In column 6 of Tables II  and III, we present values of the non-interacting kinetic energy calculated by means of Eq. (18), but where the Z 3 polynomial approximation is fitted for each particular case and where also the coefficients of the homogeneous functional expansion have been reoptimized. In the last column in Tables II and III, It is clearly seen from the values of columns 3 of Tables II and III that the Liu-Parr homogeneous functional expansion works quite well for positive and negative atomic ions, respectively. In the case positive ions, the MAD value for the relative percent error is 0.133 ; for negative ions, 0.107. In both of these cases, the accuracy increases for ions with large atomic number. The transferability of the Z n polynomial approximation for neutral atoms as well as the use of the Liu-Parr coefficients (optimized for neutral atoms) is examined in column 4 of Tables  II and III . The results show a MAD value of 0.202 and 0.213 for positive and negative ions, respectively. Again, we see that the approximation improves with increasing atomic number. These results are, in fact, quite comparable to those of the original Liu-Parr expression (Eq. (9)). Naturally, the best fit is obtained when both the Z n function and the coefficients have been optimized for the ions. The MAD results in this case are 0.121 and 0.080, respectively, for positive and negative ions.
Extensions to molecular systems and clusters
We base the present discussion on the fact, ascertained previously, [2] that to a good approximation the kinetic energy enhancement factor for two neighboring interacting atoms is given by the sum of the atomic enhancement factors of the participating atoms. Let us consider an electronic system, a molecule or a cluster which consists of M atoms. We assume that the whole space can be divided into M subvolumes {Ω A } A=1,...,M , each one of them corresponding to a given atom A. For, example, for the system composed by the same atoms the space can be divided in the following way:
where the vectors R A and R B denote the nuclear positions. Thus, R 3 = M A=1 Ω A . The one-particle density for a system formed by M atoms is ρ( r) ≡ ρ( r, { R A } A=1,...,M ), where we make explicit the presence of nuclear coordinates corresponding to the fixed atoms. Let us define
Clearly, the notion that ρ A ( r) is an atomic density is not implicit in this definition as the one-particle density ρ( r) corresponds to the whole system. The definition of ρ A ( r) does imply, however, that the value of the molecular or cluster density is that associated to a particular volume Ω A .
Bearing in mind these considerations we see that we may write the second term of Eq. (1) as
In the present context the plausibility of this separation stems from the fact that we have defined enhancement factors which are associated to a given atom, or atomic region, and which yield satisfactory results for the non-interacting kinetic energy when the charge of the neutral species is either increased yielding a negative ion, or decreased giving a positive one. There is some indirect evidence, however, that the Liu-Parr expansion and approximation given by Eqs. (1) and (12) should work for molecules without partition of the whole space into atomic subvolumes. [1, 56] But, certainly, a division into subvolumes is required if one uses the polynomial representation Eq. (17) for A N . Application of these ideas to molecules and clusters will be dealt with elsewhere.
CONCLUSIONS.
We have explored in the present work the possibility of expressing the enhancement factor A N [ρ( r); r] of the non interacting kinetic energy functional solely as a function of the one-particle density ρ( r), dispensing thereby with the more usual representations of this term based on gradient expansions. This was done by adopting the representation given by Liu and Parr in terms of power series of the density.
We have analyzed the behavior of this approximate expression for A N [ρ( r); r] in the case of first, second and third row atoms (with the exception of H and He, whose non-interacting kinetic energy functional is exactly given by the Weizsacker term). It is seen that the expression for A N [ρ( r); r] given by Eq. (10) does not comply with the requirement of positivity. However, when a local correction term in the form of λ∇ 2 ρ( r)/ρ( r) 5 /3 is added to this expression, we obtain profiles which are in excellent agreement with those of the enhancement factors derived from an orbital representation. More specifically, for the second row atoms Na, Al and Ar, the locations and heights of the maxima generated by the λ-dependent approximate A N [ρ( r); r] (Eq. (12)) fully coincide with those obtained from an orbital representation of the enhancement factor (Eq. (4)). In the case of the third row atoms Fe and Ni, although the location is in perfect agreement, the maxima corresponding to the third shell fall below those of exact ones. An exception is the Kr atom, where the coincidence both in location and hight is quite good. The asymptotic behavior of these λ-dependent functions near the nucleus shows a negative divergence in all cases studied. At large distances from the nucleus for the Fe and Ni atoms we observe a divergence; in all other cases the asymptote follows the trend of the exact enhancement factor.
In addition, we have explored the possibility of introducing a Z-dependent approximation to represent the integrals d r ρ 4 /3 ( r) and d r ρ 11 /9 ( r) of the enhancement factor, Eq. (10), through the polynomials (13) - (15), respectively. The non-interacting atomic kinetic energy density functionals generated from these new Zdependent enhancement factors (Eq.(17)) show a behavior that very closely resembles that of the Liu-Parr functional T LP 97 . From a comparison of the MAD values for T LP 97 (0.222), T LP 97+Z 3 (0.329), and T LP 97+Z 9 (0.224), where all these functionals are evaluated with the LiuParr optimized coefficients, we see that the functional T LP 97+Z 9 performs as well as the Liu-Parr functional T LP 97 . However, when we re-optimize the coefficients of the Z-dependent functionals, we obtain the MAD values of 0.129 and 0.166 for T LP 97+Z 3 and T LP 97+Z 9 , respectively, thus showing a closer accord with the exact Hartree Fock values. The behavior of the approximate enhancement factors in the case of the Z-dependent functionals is undistinguishable from that of the λ-corrected Liu-Parr functionals.
Concerning the extension of the Z − λ-representation of neutral atoms to positive and negative ions we see, from Tables II and III , that the non-interacting atomic kinetic energy density functionals generated from these new Z − λ-dependent enhancement factors perform quite well, even in the case when we use the same Z n functions as well as the Liu-Parr coefficients which were adjusted for neutral atoms.
Summing up, based both on the Liu-Parr power density expansion and on the replacement of some of the integrals of this expansion by Z-dependent functions, a very simple form for the non-interacting kinetic energy enhancement factor has been found. The corresponding functionals, which bypass the usual gradient expansion representation, lead to non-interacting kinetic energy values which closely approximate (as measured by the MAD values) the exact ones calculated from Hartree Fock wave functions. Moreover, the additivity of the atomic enhancement factors, opens a possible way for extending the present results to molecules and clusters.
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where H j is a homogeneous and local functional, if it is homogeneous of degree m in coordinate scaling, it takes the form
Further, if Q j [ρ] is homogeneous of degree k in density scaling, j is determined by the relation
Proof. It is known that any strictly local functional L[ρ] satisfies the identity
Taking the functional derivative of (A1) with respect to ρ, i.e:
and rewriting Eq. (A1), we have 
If the two integrals are equal it follows:
Therefore, we have to solve a simple differential equation
where C j is a constant of integration. This leads to:
and
Finally, we see from Eq. (A9) that k is (m + 3j)/3, thus
